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CONDITIONAL STABILITY ESTIMATION FOR
AN INVERSE BOUNDARY PROBLEM WITH

NON-SMOOTH BOUNDARY IN R3

J. CHENG, Y. C. HON, AND M. YAMAMOTO

Abstract. In this paper, we investigate an inverse problem of determining a
shape of a part of the boundary of a bounded domain in R3 by a solution to
a Cauchy problem of the Laplace equation. Assuming that the unknown part
is a Lipschitz continuous surface, we give a logarithmic conditional stability
estimate in determining the part of boundary under reasonably a priori infor-
mation of an unknown part. The keys are the complex extension and estimates
for a harmonic measure.

1. Introduction

Assume that an inaccessible part of the boundary of an object in the three dimen-
sional space was damaged or transformed with, for example, corrosion or continuous
steel casting. A non-destructive evaluation technique is used for determining the
shape of the corrosive or transformed boundary by a suitable observation on other
accessible parts of the boundary. This is one inverse problem and is currently avail-
able in the engineering industry, and its solution is very important and in high
demand both academically and practically. In this paper, the inverse problem of
determining an unknown part of the boundary from overspecified boundary data is
investigated.

The inverse problem can be formulated as follows: Assume that Ω ⊂ R3 is a
bounded domain. Let γ ⊂ ∂Ω be an unknown subboundary to be determined and
Γ be a known subboundary of ∂Ω where some observations can be made. It is not
necessary that γ ∪ Γ = ∂Ω.

Consider a static field in Ω with a suitable function u = u(x, y, z), (x, y, z) ∈
Ω ⊂ R3. Throughout this paper, we assume that u takes a given constant value on
γ. This condition is reasonable, in the study of a convectively cooling continuously
casting problem where the temperature u must be the melting point on γ (e.g.
Siegel [26]). Without loss of generality, we may assume that the melting point is
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zero, that is, u|γ is zero. Thus the governing equations are given as

∆u(x, y, z) = 0, (x, y, z) ∈ Ω,(1.1)
u(x, y, z) = 0, (x, y, z) ∈ γ,(1.2)
u(x, y, z) = f(x, y, z), (x, y, z) ∈ Γ,(1.3)

where f is an input function which does not vanish identically on Γ.
The inverse problem of determining the transformed subboundary γ is then

stated as: Does
∂u

∂ν
(x, y, z), (x, y, z) ∈ Γ,

determine γ?
Here ν is the outward normal to the boundary Γ and ∂

∂ν denotes the normal
derivative.

Similar problems in determining surface-breaking cracks were discussed by
McIver [18] and Micheal, Waechter & Collins [19]. Related results can be found in
Andrieux, Abda & Jaoua [2], Aparicio & Pidcock [3] and Kaup, Santosa & Vogelius
[14]. In all of these papers, the results were only given for the two dimensional case.
This paper investigates the inverse problem in the three dimensional case.

Since the governing equation (1.1) is the Laplace equation, the uniqueness of this
inverse problem can be easily obtained by the unique continuation property for the
Laplace equation (e.g. Mizohata [20]).

The difficulty in investigating this inverse problem is its severe ill-posedness.
Since the boundary data are given on only a fixed part of the boundary, the ill-
posedness of a Cauchy problem for the Laplace equation ([17], [27]) induces the
ill-posedness of this inverse problem. Therefore a weaker conditional stability es-
timation for this problem is obtained by imposing some geometric restrictions on
the shape of the transformed boundary. Such restrictions are reasonable from the
practical viewpoint and can be imposed by assuming a boundedness condition on
the geometric quantities of a subboundary. In general, rates of the conditional
stability may depend on our choice of the geometric restrictions. To the authors’
knowledge, even in the two dimensional case, there are not many similar conditional
stability results for this kind of inverse problem. Futher references can be referred
from the papers of Beretta and Vessela [4], Bukhgeim, Cheng and Yamamoto [5],
[6], [7], Rondi [24], [25]. In our recent paper [5], a similar inverse problem in R2

was investigated and various conditional stability estimates were obtained within
the C2-regularity assumptions on the unknown subboundaries. This paper dis-
cusses conditional stability in the case of R3 where the unknown subboundaries
are given by Lipschitz continuous functions with uniformly bounded Lipschitz con-
stants. These geometric restrictions allow us to treat non-smooth surfaces with
conical points, for example, as γ.

In relation to stability estimates in the determination of geometry, we refer to
Alessandrini [1] for a crack determination problem, and Isakov [12], [13] and Ramm
[23] for an inverse obstacle scattering problem. In Alessandrini [1], a logarithmic
stability estimate was given when the boundary input is a combination of Dirac
delta functions. The results given in this paper may be applicable to the crack
determination problem.

The main result in this paper is a logarithmic stability under a priori assump-
tions. Although the rate is very weak, it holds generally for the determination of
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non-smooth subboundaries. Since real transformation processes such as corrosion
usually yield non-smooth interfaces, our result is more practical in solving real in-
dustrial problems. Moreover, the paper for the crack problem [1] suggests that also
in our inverse problems, the logarithmic rate cannot be improved in general, but
may be improved for some special data.

This paper is organized as follows. The main theorem on stability estimation is
given in Section 2. In Section 3, the main theorem is reduced to two key lemmata.
The proofs of these key lemmata are then given in Sections 4 and 5 respectively.

2. Main result

Let Ω1, Ω2 be ordinate sets whose upper subboundaries are assumed to be un-
known after corrosion for example. Let Σ1, Σ2 be simply connected domains in R2

such that Σ1 ⊂ Σ2 and dist(∂Σ1, ∂Σ2) > 0.
For an arbitrarily fixed smooth function λ = λ(x, y) > 0 defined on Σ2 \Σ1 and

positive constants m0, m1, we consider

F = F(λ,m0,m1)
(2.1)

= {F ∈ C(Σ2)| F |Σ2\Σ1
= λ(x, y), |F (x1, y1)− F (x2, y2)|

≤ m1[|x1 − y1|+ |x2 − y2|], for (x1, y1), (x2, y2) ∈ Σ2;F > m0, on Σ2}.
For F1, F2 ∈ F , we set

Ω1 = {(x, y, z); (x, y) ∈ Σ2, 0 < z < F1(x, y)},(2.2)

Ω2 = {(x, y, z); (x, y) ∈ Σ2, 0 < z < F2(x, y)}.(2.3)

In other words, γj = {(x, y, z); z = Fj(x, y), (x, y) ∈ Σ1}, j = 1, 2, are unknown
upper subboundaries to be determined and are given by Lipschitz continuous func-
tions. The a priori information F1, F2 ∈ F mean that the defect process did not
make the shape of subboundaries extremely complicated.

The observation boundary is defined by

Γ = {(x, y, 0); (x, y) ∈ Σ3}(2.4)

where Σ3 ⊂ Σ2 is a domain in R2.
Assume that uj, j = 1, 2, satisfy

∆uj(x, y, z) = 0, (x, y, z) ∈ Ωj ,(2.5)

uj(x, y, z) = 0, (x, y, z) ∈ γj ,(2.6)

uj(x, y, 0) = fj(x, y),
∂uj
∂y

(x, y, 0) = gj(x, y), (x, y) ∈ Σ3.(2.7)

The main result for the stability estimation is then stated in the following.

Theorem 2.1. Let m2 > 0, 0 < α < 1, and M > 0 be arbitrarily fixed constants.
Assume that there exists a fixed point (x0, y0, 0) such that

|fj(x0, y0)| > m2, j = 1, 2,(2.8)

and

uj ∈ C2(Ωj) ∩ C1+α(Ωj), ‖uj‖C1+α(Ωj)
≤M, j = 1, 2.(2.9)
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Then there exists constants C > 0 and 0 < τ < 1 depending on α, m0, m1, m2 and
M such that

‖F1 − F2‖C(Σ1) ≤ C
∣∣∣∣ 1
log(log 1

ε )

∣∣∣∣τ(2.10)

where ε = ‖f1 − f2‖L2(Σ3) + ‖g1 − g2‖L2(Σ3).

This double “log” estimate shows very weak stability and is observed in similar
determination problems (e.g. Alessandrini [1], Isakov [12]). We notice that our esti-
mate (2.10) is the worst possible and does not exclude possibilities of improvement
of stability rate for some data set.

Remark 2.1. The assumption (2.8) requires that the Cauchy data do not identically
vanish on Γ. It is necessary for obtaining the conditional stability estimation.

Remark 2.2. In Theorem 2.1, since ‖uj‖C1+α(Ωj)
≤ M , there exist some constants

C′ > 0 and 0 < α1 ≤ 1 which depend on M , α such that
1
C′

(‖f1 − f2‖H1(Σ3) + ‖g1 − g2‖L2(Σ3))α1 ≤ ε

≤ C′(‖f1 − f2‖H1(Σ3) + ‖g1 − g2‖L2(Σ3)).

3. Proof of Theorem 2.1

Let |F2(x, y) − F1(x, y)| attain its maximum at (x∗, y∗) ∈ Σ1. Without loss of
generality, assume that

F2(x∗, y∗)− F1(x∗, y∗) = ‖F1 − F2‖C(Σ1).(3.1)

Let D be the connected component of Ω2 \Ω1 which includes a segment of the line
x = x∗, y = y∗. Let

Γ1 = ∂D ∩ ∂Ω1, Γ2 = ∂D ∩ ∂Ω2.(3.2)

Notice that ∂D = Γ1 ∪ Γ2. We will prove

Lemma 3.1. There exist constants 0 < τ1 ≤ 1 and C1 > 0 depending on Σ1, Σ2,
Σ3, m0, m1, m2, M and α such that

‖u2‖C(Γ1) ≤
C1(

log 1
ε

)τ1 ≡ δ.(3.3)

Lemma 3.2. There exist constants 0 < τ ≤ 1 and C2 > 0 depending on Σ1, Σ2,
Σ3, m0, m1, m2, M and α such that

‖F1 − F2‖C(Σ1) ≤ C2[
1

log 1
δ

]τ .(3.4)

The proof of Theorem 2.1 is then a direct consequence of Lemmata 3.1 and 3.2:
We note that it is sufficient to prove the theorem for sufficiently small ε > 0. Then

‖F1 − F2‖C(Σ1) ≤ C2[
1

log( (log 1
ε )τ1

C1
)
]τ(3.5)

≤ C2[
1

τ1 log(log 1
ε )− logC1

]τ

≤ C[
1

log(log 1
ε )

]τ .
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4. Proof of Lemma 3.1

Lemma 3.1 asserts conditional stability of log-order rate. Such an estimate is
common for the Cauchy problem of the Laplace equation (e.g. Lavrentiev [17],
Payne [21]). For our purpose, we further have to prove the stability which holds
uniformly in every domain whose upper boundary is given by F ∈ F . First we
prove

Lemma 4.1. There exist constants C3 > 0 and 0 < χ < 1 which are independent
of z such that

|u2(x1, y1, z)− u1(x1, y1, z)| ≤ C3ε
χ, (x1, y1) ∈ Σ1, z ∈ [

m0

4
,
m0

2
].(4.1)

In fact, inf{dist((x1, y1, z); ∂Ω1); m0
4 ≤ z ≤ m0

2 } >
m0
8 > 0 and so an inte-

rior estimate for the Cauchy problem of the Laplace equations yields (4.1) (e.g.
Lavrentiev [17], Payne [21]).

Let

E = {ζ = ξ1 + iξ2 ∈ C| |ζ| < R, | arg ζ| < θ}(4.2)

and l = [ρ1, ρ2] ⊂ E.

Definition 4.1. ψ(ζ) is called the harmonic measure for E and l if it satisfies

∆ψ(ζ) = 0, ζ ∈ E \ l,
ψ(ζ) = 0, ζ ∈ ∂E,
ψ(ζ) = 1, ζ ∈ l.

We refer to Friedman and Vogelius [10], Kellog [15] for the existence and unique-
ness of the harmonic measure. Moreover by [10], we have ψ ∈ C(E).

Lemma 4.2. The harmonic measure ψ for E and l satisfies the following estima-
tion:

ψ(ξ1) ≥ C4((
ρ2

ξ1
)
π
2θ − (

ρ2

R
)
π
2θ ), ξ1 ∈ [ρ2, R],(4.3)

where C4 = C4(R, θ, ρ1, ρ2) > 0 is a constant which is independent of ξ1.
Moreover, for an arbitrarily fixed µ > 1, we can take a constant C4(µ) > 0 which

is dependent on µ but independent of R, θ, ρ1, ρ2, provided that

(
ρ2

ρ1
)
π
2θ − (

ρ2

R
)
π
2θ ≥ µ.(4.4)

Proof. Henceforth <ζ and =ζ denote the real part and the imaginary part of ζ ∈ C
respectively. We can prove the lemma in a way similar to Isakov [12]. That is,
consider the conformal map

η = φ(ζ) = (
ρ2

ζ
)
π
2θ

which transforms the domain E \ l to

S = {η|<η > 0, |η| > (
ρ2

R
)
π
2θ } \ {η = t|t ∈ [1, (

ρ2

ρ1
)
π
2θ ]}.

Therefore the function w(η) = ψ(φ−1(η)) satisfies

∆w(η) = 0, η ∈ S,
w(η) = 0, η ∈ φ(∂E),

w(η) = 1, η ∈ [1, (
ρ2

ρ1
)
π
2θ ].
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We note that

φ(∂E) = {η|<η > 0, |η| = (
ρ2

R
)
π
2θ } ∪ {η|<η = 0, |η| > (

ρ2

R
)
π
2θ }.

By the maximum principle, we see

0 < w < 1, in S.

Let l1 = [1− (ρ2
R )

π
2θ , (ρ2

ρ1
)
π
2θ − (ρ2

R )
π
2θ ] and let w0(η) satisfy

∆w0(η) = 0, {<η > 0} \ l1,(4.5)
w0(η) = 0, <η = 0,(4.6)
w0(ζ) = 1, ζ ∈ l1,(4.7)
w0(∞) = 0.(4.8)

By the maximum principle in [22], we have

w(η) ≥ w0(η − (
ρ2

R
)
π
2θ ), <η ≥ (

ρ2

R
)
π
2θ ,(4.9)

and

0 < w0(η) < 1, {<η > 0} \ l1.(4.10)

By the strong maximum principle (e.g. [22]), we have

∂w0

∂ξ1
(0, 0) 6= 0.(4.11)

Therefore there exists a constant C′4 > 0 such that

w0(η) ≥ C′4η, =η = 0, 0 ≤ η ≤ 1.(4.12)

In fact, assume to the contrary that (4.12) is not true. Then there exist yn ∈
[0, 1], n = 1, 2, · · · , such that w0(yn)

yn
→ 0 as n → ∞. If necessary, we can take a

subsequence, so that there exists ỹ ∈ [0, 1] such that yn → ỹ as n→∞.
If ỹ = 0, then ∂w0

∂ξ1
(0, 0) = 0, which contradicts (4.11).

If ỹ 6= 0, then the continuity of w0 implies w0(ỹ) = 0, which contradicts (4.10).
It is obvious that C′4 depends on ρ1, ρ2 and R, θ. In terms of φ(ζ) = (ρ2

ζ )
π
2θ , the

inequalities (4.9) and (4.12) mean (4.3).
If (ρ2

ρ1
)
π
2θ −(ρ2

R )
π
2θ ≥ µ > 1, then l1 ⊃ [1, µ]. Let w̃0 be the solution of (4.5) – (4.8)

where l1 is replaced by [1, µ]. Then in terms of l1 ⊃ [1, µ], the maximum principle
implies that w0(η) ≥ w̃0(η), <η > 0. Since w̃0 is independent of ρ1, ρ2 and R, an
estimate for w̃0 similar to (4.12) concludes that C4 can be chosen independently of
ρ1, ρ2 and R as long as (4.4) is satisfied. The proof is complete.

Lemma 4.3. (i) The harmonic measure ψ for E and l satisfies

ψ(ξ1) ≥ C5ξ
τ2 , ξ1 ∈ [0, ρ1],(4.13)

where C5 = C5(R, θ, ρ1, ρ2) > 0 is independent of ξ1 and a constant 0 < τ2 < 1
depends only on θ.

(ii) For any bounded interval I ⊂ (ρ2,∞), we have

inf
R∈I

C5(R, θ, ρ1, ρ2) > 0.

In other words, we can take C5 > 0 uniformly with respect to R provided that R
varies in any bounded interval in (ρ2,∞).
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Proof. (i) The conformal map

η1 = φ1(ζ) = (
ζ

R
)
π
2θ(4.14)

transforms the domain E \ l to

S1(R) = {η||η| < 1,<η > 0} \ [(
ρ1

R
)
π
2θ , (

ρ2

R
)
π
2θ ].

Therefore the function w1(η;R) = ψ(φ−1
1 (η)) satisfies

∆w1(η;R) = 0, η ∈ S1(R),(4.15)
w1(η;R) = 0, η ∈ φ1(∂E),(4.16)

w1(η;R) = 1, (
ρ1

R
)
π
2θ < η < (

ρ2

R
)
π
2θ .(4.17)

Similarly to the proof for Lemma 4.2, we have

w1(η;R) ≥ C5η, η ∈ [0, (
ρ1

R
)
π
2θ ].(4.18)

Return to ψ and the proof of the part (i) is proved.
(ii) We set I = [R0, R1] where R0 > ρ2. Let us put 2ν = ρ2

ρ1
− 1 > 0.

Let w̃1(η) satisfy

∆w̃1(η) = 0, η ∈ {η||η| < 1,<η > 0} \ [(
ρ1

R0
)
π
2θ , (

ρ2

(1 + ν)R0
)
π
2θ ],(4.19)

w̃1(η) = 0, η ∈ φ1(∂E),(4.20)

w̃1(η) = 1, (
ρ1

R0
)
π
2θ < η < (

ρ2

(1 + ν)R0
)
π
2θ .(4.21)

We note that

1 + ν < 1 + 2ν =
ρ2

ρ1

implies

(
ρ1

R0
)
π
2θ < (

ρ2

(1 + ν)R0
)
π
2θ ,

so that w̃1 is well-defined.
For R ∈ [R0, (1 + ν)R0], we have

(
ρ1

R
)
π
2θ ≤ (

ρ1

R0
)
π
2θ < (

ρ2

(1 + ν)R0
)
π
2θ ≤ (

ρ2

R
)
π
2θ .

Therefore by the maximum principle, we obtain

inf
R0≤R≤(1+ν)R0

w1(η;R) ≥ w̃1(η)

for η ∈ [0, (ρ1
R )

π
2θ ].

Similarly to the proof of Lemma 4.2, we have

w̃1(η) ≥ C(1)
5 η, η ∈ [0, (

ρ1

R
)
π
2θ ],

where C(1)
5 > 0 is dependent on θ, ρ1 and ρ2, but independent of R ∈ [R0, (1+ν)R0].

Therefore we have

inf
R0≤R≤(1+ν)R0

w1(η;R) ≥ C(1)
5 η, η ∈ [0, (

ρ1

R
)
π
2θ ].



4130 J. CHENG, Y. C. HON, AND M. YAMAMOTO

Next, for R ∈ ((1 + ν)R0, (1 + ν)2R0], we have

(
ρ1

R
)
π
2θ ≤ (

ρ1

(1 + ν)R0
)
π
2θ < (

ρ2

(1 + ν)2R0
)
π
2θ ≤ (

ρ2

R
)
π
2θ ,

so that a similar argument implies that we can take a constant C(2)
5 = C

(2)
5 (θ, ρ1, ρ2)

> 0 independent of R ∈ [(1 + ν)R0, (1 + ν)2R0] such that

inf
(1+ν)R0≤R≤(1+ν)2R0

w1(η;R) ≥ C(2)
5 η, η ∈ [0, (

ρ1

R
)
π
2θ ].

Continuing this argument until (1 + ν)mR0 ≥ R1 with some natural number m, we
see

inf
R0≤R≤R1

w1(η;R) ≥ min
1≤j≤m

C
(j)
5 η, η ∈ [0, (

ρ1

R
)
π
2θ ].

Return to ψ and we can complete the proof of the lemma.

By Lemmata 4.2 and 4.3, we show the following conditional stability estimation
for a holomorphic function in E.

Lemma 4.4. Suppose that v = v(ζ) is a holomorphic function in E. Let ε =
maxξ1∈[ρ1,ρ2] |v(ξ1)|. If |v(ζ)| ≤M1 for ζ ∈ E, then

|v(ξ1)| ≤M1(
ε

M1
)C4((

ρ2
ξ1

)
π
2θ −(

ρ2
R )

π
2θ ) ≤M1ε

C4((
ρ2
ξ1

)
π
2θ −(

ρ2
R )

π
2θ ), ξ1 ∈ [ρ2, R],

(4.22)

and

|v(ξ1)| ≤M1(
ε

M1
)C5ξ

τ2 ≤M1ε
C5ξ

τ2
, ξ1 ∈ [0, ρ1].(4.23)

Proof. Consider the function

M(ζ) = |v(ζ)|eψ(ζ) logM1+(1−ψ(ζ)) log ε.

We will prove that

M(ζ) ≤ max
z∈∂E∪[ρ1,ρ2]

M(z) = M1ε for any ζ ∈ E.(4.24)

In fact, the second equality of (4.24) is readily seen by noting that maxζ∈∂E |v(ζ)| =
M1 and the maximum principle of a holomorphic function. Assume that the first
inequality of (4.24) is not true. Then there exists ζ0 ∈ E \ [ρ1, ρ2] such that

M(ζ0) = max
ζ∈E

M(ζ) > max
z∈∂E∪[ρ1,ρ2]

M(z) = M1ε.(4.25)

Let ω be the simply connected component of E \ {<ζ = 0} which contains ζ0.
From the theory of complex variables, for the harmonic function ψ(ζ) in ω, there

exists a holomorphic function Ψ(ζ) in ω such that

<Ψ(ζ) = ψ(ζ), ζ ∈ ω,
where <Ψ(ζ) is the real part of Ψ(ζ).

We set

V (ζ) = v(ζ)eΨ(ζ) logM1+[1−Ψ(ζ)] log ε, ζ ∈ ω.
Then |V (ζ)| = M(ζ) for ζ ∈ ω. It is easy to verify that V (ζ) is a holomorphic func-
tion in ω and V (ζ) attains its maximum M(ζ0) at an interior point ζ0. Therefore
the maximum principle for a holomorphic function implies

|V (ζ)| = constant, ζ ∈ ω.
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Ξ

(x0,y0,F1(x0,y0))

(x0,y0,0)

Figure 1. A cone with a vertex on Γ1

Consequently

M(ζ) = constant, ζ ∈ ω.

By ψ ∈ C(E), we see that

M(ζ) = constant, ζ ∈ ω ∪ [ρ1, ρ2].

This contradicts (4.25) and hence (4.24) must hold.
Hence by (4.24), we obtain

|v(ξ1)| ≤ M
1−ψ(ξ1)
1 εψ(ξ1), ξ1 ∈ [0, R].

Noting ( ε
M1

) ≤ 1, we apply Lemmata 4.2 and 4.3 and complete the proof of the
lemma.

Now we can complete the proof of Lemma 3.1.
For any (x0, y0, F1(x0, y0)) ∈ Γ1, there exists a constant β > 0 which depends

only on m1, Σ1 and Σ2 such that

Ξ = {(x, y, z) ∈ R3|{|x− x0|2 + |y − y0|2}
1
2 < β(F1(x0, y0)− z),(4.26)

0 < z < F1(x0, y0)} ⊂ Ω2

for any (x0, y0, F1(x0, y0)) ∈ Γ1 (see Figure 1).
Let us set u = u2 − u1 and

v(ζ) =
∫
∂Ξ

[G(ξ1, ξ2, ξ3, x0, y0, ζ)
∂u

∂n
(ξ1, ξ2, ξ3)(4.27)

− ∂G

∂n
(ξ1, ξ2, ξ3, x0, y0, ζ)u(ξ1, ξ2, ξ3)]dS, 0 < ζ < F1(x0, y0),

where dS is the area element with respect to (ξ1, ξ2, ξ3), n is the unit outer normal
vector to ∂Ξ and

G(ξ1, ξ2, ξ3, x0, y0, ζ) =
1

4π
1

[(ξ1 − x0)2 + (ξ2 − y0)2 + (ξ3 − ζ)2]
1
2
.
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Next we will verify that v(ζ) can be analytically extended and is holomorphic in

Ξ1 ≡ {ζ ∈ C| 0 < <ζ < F1(x0, y0), |ζ − F1(x0, y0)| < F1(x0, y0),
| arg(F1(x0, y0)− ζ)| < arctanβ},

and

u(x0, y0, z) = v(z), z ∈ [0, F (x0, y0)].(4.28)

The equality (4.28) is straightforward from (4.27) and Green’s representation for-
mula (e.g. Chapter 2, §2.4 in Gilbarg and Trudinger [11]). Next we need to verify
that v is holomorphic in Ξ1. We first examine the set V :

V = {ζ ∈ C|(ξ1 − x0)2 + (ξ2 − y0)2 + (ξ3 − ζ)2 = 0, (ξ1, ξ2, ξ3) ∈ ∂Ξ}.
We rewrite (ξ1 − x0)2 + (ξ2 − y0)2 + (ξ3 − ζ)2 as (ζ − ξ3 + ir)(ζ − ξ3 − ir) where
r = r(ξ1, ξ2) =

√
(ξ1 − x0)2 + (ξ2 − y0)2. Then we can see that

V = {ζ| <ζ = ξ3,=ζ = r, (ξ1, ξ2, ξ3) ∈ ∂Ξ}
∪ {ζ| <ζ = ξ3,=ζ = −r, (ξ1, ξ2, ξ3) ∈ ∂Ξ}.

Noting that

∂Ξ = {(ξ1, ξ2, 0)| r ≤ βF1(x0, y0)}
∪ {(ξ1, ξ2, ξ3)| r = β(F1(x0, y0)− ξ3), 0 < ξ3 ≤ F1(x0, y0)},

we have that

V = {ζ| <ζ = 0, −βF1(x0, y0) ≤ =ζ ≤ βF1(x0, y0)}
∪ {ζ| =ζ = β(<ζ − F1(x0, y0)), 0 < <ζ ≤ F1(x0, y0)}
∪ {ζ| =ζ = −β(<ζ − F1(x0, y0)), 0 < <ζ ≤ F1(x0, y0)}.

Consequently V ∩Ξ1 = ∅. Therefore if ζ ∈ Ξ1, then (ξ1−x0)2 +(ξ2−y0)2 +(ξ3−ζ)2

does not vanish for any (ξ1, ξ2, ξ3) ∈ ∂Ξ. Thus we have verified that v is holomorphic
in Ξ1.

Let 0 < h < m0
4 be a fixed constant. Estimating v by (4.27) and (2.9), we have

|v(ζ)| ≤ C6(M)
h2

, ζ ∈ Ξh,(4.29)

where Ξh = {ζ|ζ ∈ Ξ1, dist(ζ, ∂Ξ1) ≥ h} and the constant C6(M) > 0 depends on
M .

By Lemma 4.1, we have that

|v(ζ)| ≤ C3ε
χ, for =ζ = 0,

m0

4
≤ <ζ ≤ m0

2
.(4.30)

Applying (4.23) in Lemma 4.4 to Ξh, we have

|v(z)| ≤ C6(M)
h2

εC7(F1(x0,y0)−h−z)τ2(4.31)

for m0
2 ≤ z ≤ F1(x0, y0)− h.

Moreover, we can take a constant M0(m1, λ) which depends on λ and m1 in (2.1)
and satisfies

m0

2
< m0 ≤ F1(x0, y0) ≤M0(m1, λ).

Therefore by Lemma 4.3 (ii), we can choose a constant C7 > 0 which is independent
of F1 ∈ F and (x0, y0).
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Now we will complete the estimation of u2(x0, y0, F1(x0, y0)). In terms of

u1(x0, y0, F1(x0, y0)) = 0,

(2.9), (4.28) and (4.31), we obtain

|u2(x0, y0, F1(x0, y0))| = |u(x0, y0, F1(x0, y0))|
≤ |u(x0, y0, F1(x0, y0))− u(x0, y0, z)|+ |u(x0, y0, z)|
≤ M |z − F (x0, y0)|+ |v(z)|

≤ M |z − F (x0, y0)|+ C6(M)
h2

εC7(F1(x0,y0)−h−z)τ2 .

Let us choose z = F1(x0, y0)− 2h. Then we have

|u2(x0, y0, F1(x0, y0))| ≤ 2hM +
C6(M)
h2

εC7h
τ2
.(4.32)

We take h which minimizes 2hM+ C6(M)
h2 εC7h

τ2 . Then we can obtain the conclusion
of Lemma 3.1. The proof is complete.

5. Proof of Lemma 3.2

First, by the maximum principle, we have

|u2(x, y, z)| ≤ δ, (x, y, z) ∈ D.(5.1)

Let

d = F2(x∗, y∗)− F1(x∗, y∗) = ‖F2 − F1‖C(Σ1), θ = arctan
m1

2
.

We can prove that for every F ∈ F , both the domains {(x, y, z)|z < F (x, y)}
and {(x, y, z)|z > F (x, y)} contain a cone with vertex (x∗, y∗, F1(x∗, y∗)) and angle
2θ whose axes are perpendicular to the xy-plane, wherever x∗, y∗ are. That is,√

(x− x∗)2 + (y − y∗)2 < tan θ(F (x∗, y∗)− z)

implies z < F (x, y) and√
(x− x∗)2 + (y − y∗)2 < tan θ(z − F (x∗, y∗))

implies z > F (x, y).
From the assumptions (2.8), there exists a positive constant σ < m0 such that

|u2(x0, y0, σ)| ≥ m2

2
,(5.2)

where σ is independent of u2 and is dependent only on M and m2.
Without loss of generality, we can assume that y0 = y∗ = 0. Otherwise we can

take the line connecting y0 and y∗ as a new y-axis and the line perpendicular to
the new y-axis as an x-axis.

Next we will show that there exist constants κ > 0, C8 > 0 and C9 > 0 which
depend only on m0, m1, m2 and M such that

|u2(x, 0, σ)| ≤ C8δ
C9d

π
θ ≡ δ1, x ∈ [−κ+ x∗, κ+ x∗].(5.3)

Proof of (5.3). We set

z∗ =
F1(x∗, 0) + F2(x∗, 0)

2
.
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O1 D
F1(x*,y*)

F2(x*,y*)

K

(x*,0)

Figure 2. The cross section with y = 0

Since Fj ∈ F , there exists a small ball O1 = Od1(x∗, 0, z∗) which centers at
(x∗, 0, z∗) with radius d1 and satisfies Od1(x∗, 0, z∗) ⊂ D (see Figure 2). Here

d1 = α2d, 0 < α2 =
1
2

sin θ <
1
2
,

and α2 depends on m1.
Therefore from (5.1), we have

|u2(x, y, z)| ≤ δ, (x, y, z) ∈ O1.(5.4)

Let

Ξ2 = {(x, y, z)| [(x− x∗)2 + y2]
1
2 < tan θ(F2(x∗, 0)− z),√

(x− x∗)2 + y2 + (z − F2(x∗, 0))2 < F (x∗, 0)}
and let B1 be one of connected components of Ξ2 \O1 which contains (x∗, 0, σ).

We take B = B1 ∪ O1. Therefore we can find a bounded domain K ⊂ Ω2 with
smooth boundary ∂K which depends on m1 and M such that K ⊂ B (see Figure
2).

Let L ⊂ K ∩ {y = 0} be a segment passing the point

P = (x∗, 0, F2(x∗, 0)− d1
1− sin θ

sin θ
)

such that the angle θ1 between the line x = x∗, y = 0 and the line L is less than θ
2

(see Figure 3).
We assume that L can be expressed as

x = a1t+ x∗,

y = 0,

z = a3t+ F2(x∗, 0)− d1
1− sin θ

sin θ
,

where t > 0 is a parameter, 0 < t < cos θ2 (F2(x∗, 0)− d1
1−sin θ

sin θ ) and a2
1 + a2

3 = 1.
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(x0,0,σ)

x

x0

x*

L

θ1

σ

Figure 3. A line L passing P on the plane y = 0

Henceforth we set

R2 = cos
θ

2
(F2(x∗, 0)− d1

1− sin θ
sin θ

).

Since u2 is harmonic in K, by Green’s formula (e.g. [11]), we have

u2(x, y, z) =
∫
∂K

[G(x, y, z, x1, y1, z1)
∂u2

∂n
(x1, y1, z1)

−∂G
∂n

(x, y, z, x1, y1, z1)u2(x1, y1, z1)]dS,

for (x, y, z) ∈ K.

Here G is the same as the one in (4.27).
Similarly to (4.27) in the proof of Lemma 3.1, we know that there exists a

holomorphic function v(ζ) in E1 = {ζ| |ζ| < b, | arg ζ| < θ1} such that

|v(ζ)| ≤ C10(M), ζ ∈ E1,(5.5)

and

v(ζ) = u2(a1ζ + x∗, 0, a3ζ + F2(x∗, 0)− d1
1− sin θ

sin θ
), for 0 < ζ < R2.(5.6)

Here we note that b > 0 is dependent on F , but independent of the choice of L.
Here and henceforth for simplicity we can identify E1 and the sector Ẽ1 whose

vertex and angle are P and 2θ1, respectively, because ζ ∈ E1 is transformed iso-
metrically onto ζ̃ ∈ Ẽ1.

We set

q = cos
θ

2
sin θ.

From (5.1) and (5.6), noting that O1 ∩ L ∈ D and the length of O1 ∩ L is

2d1 cos
θ

2
= qd,
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we have qd < b and

|v(ζ)| ≤ δ, =ζ = 0, 0 < ζ < qd.(5.7)

In view of (5.5) and (5.7), we apply Lemma 4.4 in Ẽ1 to see that

|u2(a1ζ + x∗, 0, a3ζ + F2(x∗, 0)− d1
1− sin θ

sin θ
)| = |v(ζ)|(5.8)

≤ C10(M)δC4(( qdζ )
π
θ −( qdR2

)
π
θ )

≤ C11(M)δC11d
τ3
, qd ≤ ζ ≤ R2,

where τ3 = π
θ and C4 > 0 is a constant which depends on Ẽ1, qd and b.

Moreover, as is seen from the proof of Lemma 4.2 in (5.5), we can find a constant
C4 > 0 which can be chosen uniformly in θ1, q and d as long as θ1 varies over a
fixed closed interval in (0, θ2 ).

In (5.8), we can change directions (a1, 0, a3) of the segment L such that θ1 <
θ
2

and we obtain (5.3) for a sufficiently small κ > 0 and some C8 > 0, C9 > 0.
Now we will complete the proof of Lemma 3.2.
We apply the conditional stability for line unique continuation by Cheng, Hon

and Yamamoto [8] and, Cheng and Yamamoto [9].

Lemma 5.1. Suppose that Ω is a domain in Rn (n ≥ 3) and a straight line L
intersects ∂Ω at two points, and Γ = L ∩ Ω is a segment. We assume that two
segments γ, Γ1 satisfy

γ ⊂ Γ1 ⊂ Γ1 ⊂ Γ, Γ1 6= Γ.(5.9)

Let u ∈ C2(Ω) be a harmonic function. If there exists a constant M > 0 such that

‖u‖C(Ω) ≤M,(5.10)

then

‖u‖C(Γ1) ≤ C‖u‖αC(γ).(5.11)

Here C = C(M,γ, γ1) is a positive constant which depends on M , γ and Γ1, and
α ∈ (0, 1) depends on Γ1 and γ. Moreover C > 0 and α ∈ (0, 1) can be chosen
uniformly as long as the length |γ| > ε0 and infζ∈∂Ω,η∈Γ1 |ζ − η| > ε0 hold true for
ε0.

Therefore, applying Lemma 5.1, we can choose constants C12 > 0 and 0 < β1 < 1
depending on M and κ such that

|u2(x0, 0, σ)| ≤ C12δ
β1
1 .(5.12)

Hence by (5.2) and (5.3), we have
m2

2
≤ |u2(x0, 0, σ)| ≤ C12(C8δ

C9d
π
θ )β1 = C13δ

C14d
π
d .(5.13)

Hence by noting that we may assume that δ > 0 is small and 0 < δ < 1 from (5.13),
there exists a constant C15 > 0 which depends on m0, m1, m2 and M such that

d
π
θ ≤ C15

| ln δ| ,(5.14)
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that is

d ≤ C[
1

log 1
δ

]τ(5.15)

where a constant C > 0 is independent of d. Thus the proof is complete.
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